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£\J ■ Abstract 

" In arXiv:1202.4298 gauge invariant interacting equations were writ- 

. ten down for the spin 2 and spin 3 massive modes using the exact renor- 

malization group of a world sheet theory. This is generalized to all the 
higher levels in this paper. An interacting theory of an infinite tower of 
' massive higher spins is obtained. They appear as a compactihcation of 

a massless theory in one higher dimension. The compactihcation and 
consequent mass is essential for writing the interaction terms. Just as 
. . . for spin 2 and spin 3, the interactions are in terms of gauge invariant 

"held strengths" and the gauge transformations are the same as for 
^> ■ the free theory. This theory can then be truncated in a gauge invari- 

5^ 1 ant way by removing one oscillator of the extra dimension to match 

the field content of BRST string (field) theory. The truncation has to 
be done level by level and results are given explicitly for level 4. At 
least up to level 5, the truncation can be done in a way that preserves 
the higher dimensional structure. There is a relatively straightforward 
generalization of this construction to (arbitrary) curved space time and 
this is also outlined. 
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1 Introduction 



In [I] (hereafter I) an exact renormalization group (ERG) [21 [3j 0J El [8] 
was written down for the world sheet theory describing a bosonic open string. 
The equations were worked out up to level 3 and had the following features: 

1. They are written in terms of loop variables, k^{t) = k^ + -4- + ... + 
^ + .. and have the invariance fc^(i) -)• A(t)£^(t), A(t) = 1 + Al + 
jf- + .... When mapped to space time fields, this maps to the gauge 
transformations of the space-time fields. 

2. The equations are quadratic. This suggests that the interactions are 
cubic in the action, although we do not yet have an action. 

3. The gauge transformations are the same as that of the free theory - the 
interactions do not modify the form of the gauge transformations unlike 
in Witten's BRST string field theory [91 110} fl~2]. The interactions are 
written in terms of gauge invariant objects or "field strengths" 

4. The equations, at the free level, look exactly like those of a mass- 
less theory in one higher dimension. This idea has been widely used 
in the theory of higher spins. [i~3"l [T4"l [T5l I16j . The massive theory 
can be obtained by a compactification or some other kind of dimen- 
sional reduction, but at the level of the free theory compactification 
is optional. However the interactions can be written down in a gauge 
invariant manner only after dimensional reduction with mass. The 
gauge invariant field strength requires a mass parameter - which is 
the momentum in the internal direction. Thus k^(t),fi = 1...D + 1 
becomes k»(t),q(t),fi = 1...D. q(t) = q + f + ff + ... + f£ + .... And 
go is the mass. The gauge transformation of q(t) is q(t) — > X(t)q(t). 

5. It was shown in [10|, \TT\ |9] that the auxiliary fields required for gauge 
invariance in BRST string field theory can be obtained as a subset of 
oscillator excitations of the ghost fields. In the bosonized ghost form 
this subset corresponds to setting to zero the first oscillator. In our 
case q n are the counterparts of these oscillators and thus we need to 
get rid of q\ in a consistent way 0. Thus expressions containing qi have 
to be rewritten in terms of expressions that do not contain q\ in such 
a way that the gauge transformations are preserved. 

1 Some of these objects have the form of gauge invariant mass terms. 

2 A heuristic way to understand this is as follows: One can trade the D + l'th coordinate 
for the Liouville mode a [17], and then q n is dual to Since the first derivative of 

the metric can always be set to zero by a coordinate choice, ^ cannot correspond to any 
degree of freedom, and qi can therefore be removed. 
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6. Even after the field content is matched with that of BRST string the- 
ory, the mass spectrum and dimension of the theory continue to be 
unconstrained by gauge invariance or other space time symmetries. 
However when one requires that the gauge transformations and con- 
straints match those of string theory, one recovers D=26 and q$ = 2, 4 
for the first two massive levels, in addition to qo = for the vector. 

7. The ERG equations can be written down for any background and 
one does not have to perturb about a conformal background. At the 
free level gauge invariant equations for the massive spin 2 have been 
written down in arbitrary curved spaces using this method |18j . I At 
the free level an action for the massive spin 2 in AdS space has also 
been written down |19j . 

In this paper we generalize the construction of the gauge invariant ERG 
to all levels. Thus we have gauge invariant equations of motion for an 
interacting theory of all spins in flat space time. The only restriction is that 
they have to be massive. The equations continue to have the structure of a 
higher dimensional theory dimensionally reduced with mass. 

We then study the truncation to the set of fields describing BRST string 
field theory. This requires constructing a map from terms involving q\ to 
terms without q\ such that gauge invariance is preserved. We describe the 
general procedure here and give explicit results up to level 4. This involves 
writing down a general ansatz for the map and solving for the variables by 
requiring gauge invariance. The system of equations form an overdetermined 
set but turn out to have solutions parametrized by a few free parameters. 

The fact that the field content obtained this way matches with that of 
BRST string field theory is an old observation [lQj . However that one can 
also obtain the equations of motion using the ERG starting from a higher 
dimensional theory is very interesting. Furthermore one finds (up to level 5) 
that it is possible to require that the map obtained above (with all the free 
parameters) be consistent with dimensional reduction. It turns out that this 
fixes the free parameters completely. Again it is interesting that one gets 
an overdetermined system of equations, all of which are satisfied for some 
value of the parameters. This seems to point towards a higher dimensional 
origin for string (field) theory. 

Finally using the techniques of [18] one can generalize these equations 
to arbitrary curved space time. 

The most important question now is whether an action formulation can 
be written down. For the free case we know that actions exist. For the 

3 The technical complication involved is that the map from loop variables to space time 
fields becomes more complicated and the curvature tensor of the background metric starts 
appearing. 

4 At level 2 and level 3 there are no free parameters. At level 4 there are two and at 
level five there are four parameters. 
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massive spin 2 this has even been done in AdS space |19l [20} I2T] . However 
a general formulation is not known. The other open question is whether 
these techniques can be generalized to closed strings. Here the results of 
[23] suggest that it should be possible. 

This paper is organized as follows: In Section 2 we summarize the results 
of I for spin 2 and 3. In Sec 3 we give the general result for higher modes. 
Section 4 discusses the issue of consistent truncation to the field content of 
BRST string theory for level 4 0. We also discuss here the consistency with 
dimensional reduction. Section 5 contains the generalization to curved space 
time. Section 6 contains a summary and conclusions. 



2 Recapitulation 
2.1 ERG 

The following ERG in position space was derived in I. It is essentially Wil- 
son's ERG El El El HE] and follows the approach pioneered in [5]. Consider 
a Euclidean field theory with action given by: 



dz / dz' X(z)G- 1 (z,z',t)X(z')+ / dz L[X(z),X'(z)] 



Kinetic term Interaction 



Here, G(z,z',t) is a cutoff propagator, where r parametrizes the cutoff. 
Thus for instance we can take r = In a where a is a short distance cutoff 
or lattice spacing. Then the ERG is (suppressing r) : 

/*£ - /* 

d*L[X(z),X>(z)] x 

° z ° z[ dx'(zf 0[z n ) 

f dL[X(z),X'(z)} dL[X(z),X'(z)} dL[X(z'),X'(z')] dL[X(z'),X'(z')] 
V dX(z) 2 dX'(z) l[ dX(z') z ' dX'(z') 

(2.1.1) 

Here G = ff. 

In applying this to loop variables H we generalize to include all the dif- 
ferent derivatives. L[Y(z), J^-, Jj^, J^-]. Thus the variable z now stands 

We have done the calculation up to level 5. But the details are not given because they 
are not particularly illuminating. What is interesting is that a consistent solution does 
exist. 

6 See I for the loop variable formalism 
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for (z,x%,X2, ■■■,x n , ...). Furthermore in the quadratic piece we have two 
points, z,z' . They will denote the sets of variables: 

{ZA,XIA,X 2 A, —;X n A, ■■■), (ZB,XIB,X 2 B, —;X n A, •••) 

The integrals J dz will be replaced by f ... f dzdx\Adx 2 A--dx n A..-. 

In I, the linear term of 12.1.11 was shown to reproduce the gauge invari- 
ant loop variable equation [T7] which was written in terms of a generalized 
Liouville field S, with the identification G(z,z) = (Y(z)Y(z)) = S. 



2.2 Gauge Invariance of Quadratic Piece 

The quadratic term required a small modification to include higher deriva- 
tive operators. Thus for spin 2 we need to introduce second derivatives 
such as ^-r- The replacement of by was crucial in the linear term 
to ensure that the equations had no term higher than quadratic in deriva- 
tives. However in the interaction term both versions of the vertex operator 
are required. This introduces higher derivatives in the interaction terms 
for higher spins, which is to be expected. Thus in place of [ dL ^ X Qx'(z) ^ ~ 

a dL[X<z),X'<z)]i j t dL[X,X',X"] a dL\X,X',X"] , eQdL[X,X',X"h c 

d * dx'lz) — 1 We need: [ 9 X(z) ~ 9 * dX'(z) + °z 8X»(z) 1 fOT 

the spin 2 case. Higher spins will require higher derivatives of X, and 
X'",....,X^ is required at spin n. 

The basic idea is that the gauge variation of vertex operators of a given 
level should be of the form A n ^- of lower order vertex operators. This 
ensures gauge invariance. (This was explained in I). 

2.2.1 Level 1 

2.2.2 Level 2 

Thus level two vertex operators should vary into ^-^-(k^Y^) and Ai^-(fcJ* ^-)- 
Let us define K% = (<?2 — "2")^o wnere we define q n = 

5K^ = \ 2 kg (2.2.2) 

Furthermore define = k^ — K^. This gives 

6K& = Xikf (2.2.3) 

Thus instead of ik^^^ we write iK^Y^ + iK^^^-. Its variation gives 



d / 8Y* t \ d 
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as required. 

If one lets /i correspond to the extra dimension, say, we get 
K e 2 = (52 - ^-)q ; SK 6 2 = X 2 q 

and 

-2 -2 

K 6 n = q 2 - («2 " y)50 = f 5o; ^ = X lQl 
as required. Thus we can just let \x run over all the indices. 



The quadratic term in the ERG is a product of «w ^ -9 Z fl y» \ +df ' L 



at and Zg. Let us evaluate this for the modified Lagrangian: 



dL d 2 Y u dY u 1 

^7^1 = [^0^11 q x 2 + ik ^ K ^~dx2 ~ '^V^^ 1 ^ 1 ^' ° 



'1 

dL 

n 

dL 



h I 

^i^m = -k?h.Y 2 e ik ° Y - k^ki.Y 1 ik .Y 1 e ikoY 



d X2WJI = iK^k .Y 2 e^ Y 



Thus 

dL „ dL 

— d 7 . 



Fit / r)^v u Fiv u i \ 

I ff ulJ — [ik^iK v I ih p iK u ik^-h u k p Y u Y p I p ik ° Y 

) z dX"(z) ~ l**o * A " dx\ +ifc o^2 **b 2 %%^i ^ Je 



+ ^^i.y 2 e ifcoy + A;f A;i.yiiA;o.yie ifcoy ) - iK p ik .Y 2 e ik ° Y 

+ ^(ifco-^ + (ifc .Yi) 2 )e ife ° y (2.2.5) 
We can now replace 9 ^ by and collect terms: 
The coefficient of Y 2 I/ i s: 

= (-K K ii-K K 2+kiki+K^-K^k^je ikoY = (-k^K^+k^-K^k^je^ 

(2.2.6) 

The coefficient of Y{Y{ is 

P = ( ~~ ^Q-kik p + i-k^k^k^ + k P k$) — iK^k^k 1 ^) e lk ° Y (2.2.7) 



2 1 1 2 

Using (|2.2.2l2.2.3p we see that they are invariant 
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The components in the 9 directions can be obtained from the above. For 
instance VJf 9 is 

Vf = ( - KKl - k$K* + Kq{ + - K^) e ik ° Y (2.2.8) 

An analogous calculation is given for Level 3 in I. We do not reproduce 
it here because in the next section we give the result for a general level. 

2.3 Field Content 

2.3.1 Level 1 

The field content here should be just a massless vector, (k^) = A 1 *. There 
is no Stuckelberg scalar field since we want a massless vector. This requires 
that (qi) = 0. Also gauge inavriance then requires (Xiqo) = 0. This is 
satisfied if we choose qo = for the first level. 

2.3.2 Level 2 

The field content at level 2 is as follows 0: 

(k%k%) = SK; (k%)=S%; « gi )=^ i; (q 2 )=S 2 ; (qm) = S u 

Their gauge transformations using — > k^ + Xik^; k% — > k% + X\k^ -\- X 2 k$ 
are given belowo 

8Sg = (Ai(A£A# + h%k%)) = d»A\ x + d v A^ 

5S% = (Aifcf + X 2 k») = + d»A 2 

6S& = (AiCfcfao + Kli)) = KiQo + ^ An 
5S n = {2X 1 q 1 q Q ) = 2A u q ; 5S 2 = (X 2 q + Xiqi) = A 2 q + An 

Here one sees that the field content and transformation law are exactly 
that required for a gauge invariant and covariant description of a massive 
spin 2 (iS'jj) and a massive spin 1 (fi^r )> as obtained by dimensional reduction 
from a massless theory in one higher dimension. This is known to be the 
correct description [14|. [T5] . 

7 In our notation, the subscripts indicate the levels of k, q, A in that order. And for each 
variable a decreasing order of level is chosen 

8 Some factors of i are left out for convenience 
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2.3.3 Level 3 

{k^kD = S^l; (k%h%qi) = S^; (A^gigi) = S% n ; (qiqxqx) = Sin 
(k£%) = Sg; (k>?q 2 )=S? 2 ; (fcfo)^; 
(*$)=Sg; (q S )^S 3 
The gauge transformations again follow an obvious pattern: 

ds^ = (x 1 (k^k^ ) )^d^l 

6S& = (XiiqoKK + giA^)} = g A^i + d^A^ u 

5S? U = (\i(2q iq ^ + tftk%)) = 2g A? n + ePA m 

SS U1 = 3{\iqlq Q ) = 3g Am 

6S% = (Ai(A#*£ + k^kl) + X 2 k^k\) = d v A^ + + d»A v 12 

5S? 2 = (\i(k£q 2 + qi k^) + \ 2 k?q ) = d»A 21 + A£ u + A? 2 g 

5S& = (Ai(fc£<fo + gi^) + A 2 £#gi) = A^g + A$ n + 8»A 12 

5S% = (A 3 A# + \ 2 k>{ + AiA#) = d^A 3 + A^ 2 + 

These describe a massive spin 3, spin 2 and spin 1, as obtained by di- 
mensional reduction of a massless theory in one higher dimension. 

2.4 Truncation 

We can now truncate the field content to match string field theory. As 
explained in the introduction (point 5), it has been known for a long time 
that a covariant BRST formulation of string field theory has a smaller field 
content. It can be obtained from the one we have above by getting rid of 
one mode gi |10|. Since gi has a non trivial gauge transformation, we cannot 
set it to zero. What can be done is to replace terms containing gi by terms 
that do not contain it but have the same gauge transformation. 

At level 1 we simply set (gi) = 0. 6qi = Aigo and so we impose (Aigo) = 
which requires that the first level fields are massless. This is consistent with 
the string theory spectrum. 

2.4.1 Level 2 

(gigi) = (g2go) = S 2 q ; (Xm) = (A 2 go) = A 2 g 
{QiK) = ( k 2<lo) = S%qo 



6S% = ^An 



.(A* A") 

"0 

5S% = + A#A 2 
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5S 2 = 2A 2 q (2.4.9) 

These identifications describe a consistent truncation of the fields at level 
2 to S^, S 2 , S2 and gauge parameters to A^, A 2 . Alternatively, we can call 
them , S^, Sn and make the higher dimensional origins manifest. 

2.4.2 Level 3 

( qi k^) = \{k^q ) = \s^\ Q 
( qi k%) = (2k%q - q 2 k^) = 2S%q - Sf 2 

(qiq2qo) = (qsqo) = (qf) = s sqo 

(hqi) = (2A 3 g - Aig 2 ) = 2A 3 g - A 2 i 

(A19191) = (X 3 q 2 ) = A 3 q 2 (2.4.10) 
This results in some modifications in gauge transformations. 

%2<) = (^A 2 ^ + iA 1 fc 2 t )( ? o + A 1 ( ?2 fc M , <5g 3 = 3A 3 g (2.4.11) 
The gauge transformations and field identifications are given below: 

= A^n + ^(Aia + A 21 )") + \d^(A 12 - A 21 )"] 

If we separate the symmetric and antisymmetric parts, S 2 ± = S^ u + A^ u , 
and A£ = I(Aia + A 21 )" and A^ = ±(A 12 - A 2 i)", then 

6S» U = A^ + d^A v J ; 6A» U = d^A u j 
5S% = + A^ 2 + d^A 3 = 2A£ + d»A 3 
S% is naturally associated with the symmetric tensor S^ u . 

6S? 2 = h» 2 q + ^qo + ^A 21 g 
The combination S^qo — Sf 2 undergoes the transformation 

«5(S 3 % - Sf 2 ) = A> + K(A^ - A3 1 ) 
and is thus naturally associated with the antisymmetric tensor A^ v . Finally, 

6S 3 = 3A 3 q 

is associated with the symmetric tensor. Thus {S^C , S^ u , S% , S 3 } describe 
a massive 3 - index tensor and {A^ v , S^qo — S± 2 } describe a massive anti- 
symmetric tensor. 
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2.5 Consistency with Dimensional Reduction 

For spin 2 the fields Sff, Sll^, Sll describe the massive spin 2 and in this 
notation the higher dimensional origin is manifest. 

For spin 3, once again we can see the dimensionally reduced structure if 
we use the notation = (qik^ki) (which is the symmetric second rank 
tensor) and (qiqik^) = 5f 1;L = S3, and (qiqiqi) = Sin which is called 
£3 we get the fields associated with the three index symmetric tensor, as 
described in a different notation above (and in I). Furthermore, for the 
gauge parameters if we use the notation (Xxqik^) = {\\2k1qo + ^lk^qo) = 
^(Aj* 2 + A^qo = A^ u which is the symmetric combination denoted above 
by As, we see the dimensionally reduced structure again. 

For the antisymmetric tensor (k^k 1 ^) = A^ v ' , dimensional reduction 
gives (q^ki — qikt^} = (2{k^qQ — 92^1 )) = 2(S , ( t 2 — S3 1 go) the combination 
identified above with A^ v based on analyzing the gauge transformation. 
Thus dimensional reduction automatically gives the right combination even 
after the truncation. The mapping from the set of fields with q\ to the set of 
fields without qi was based on analyzing the gauge transformation. That it 
is consistent with (i.e. commutes with) dimensional reduction is not a pri- 
ori obvious. We will see more non trivial examples of this when we discuss 
higher levels in Section 4. It seems to point to a higher dimensional massless 
theory origin for string theory. 

3 Generalizing the Quadratic Piece to Higher Lev- 
els 

The linear (free theory) equations for higher spin fields using loop variables 
is trivial to generalize to all levels and needs no discussion here [17] . Just as 
in the case of spin 2 and spin 3, the gauge invariant equations are those of 
a massless theory in one higher dimension. The quadratic interacting part 
of the equation obtained for spin 2 in I, involved the construction of the 
variables K^K^ as described in the last section and analogous objects for 
spin 3 (described in I). In this section - we generalize this to all levels. This 
gives us a gauge invariant interacting theory of massive arbitrary higher spin 
fields E|. Since the field content and gauge invariances correspond exactly to 
those of a massless theory dimensionally reduced from one higher dimension, 
we expect that at least classically the theory is consistent. 

Let us first introduce the following notation to generalize the construc- 
tion of the spin 2 and spin 3 cases. Define 

9 However the truncation to string theory field content has to be done level by level and 
is the topic of the next section. 
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K% inp :6K% inp = X m K% p + X n K% ip + X p K% in , m + n + V (3.0.12) 
and so on. For repeated indices 

■ hK* 1 — A TCP- ■ — A 

xv mm ■ ulv mm ^m^mi lv mmm ■ ulv mmm /K rn x *"mm 

Also 

■ SK^ = A 4- A 

**mmp • " mmp /K m^^mp 1 /X V mm 

and so on. 

The general rule is that if [n]i defines a particular partition of the level 
N, at which we are working, then 

m£[n]i 

where [n]i/m denotes the partition with m removed, and the sum is over 
distinct m 's. (So even if m occurs more than once in the partition, the 
coefficient of X m Ktii , is still 1.) 

[n\ i/ m 

Define 

q (t) = - q (t) = l + j + ¥ + ... + - + ... 

2 3 

_ P E„ !/"*"" + ^ 2 + ^ + ^ + j/iy 2 + | 

~ + t + t 2 + t 3 + 

If we solve for y n in terms of q m we get 

2 -2 

Ql =Vi; 12 = V2 + y V2 = 92 - y! 



Similarly 



2/3 = 93 - 9291 + y 



In general £~ f£ = ^ («(<))■ 
Similarly define 

A(t) = i + ^ + ...^ + ... = e Eo 00 ^-" 

The gauge transformation — >■ X(t)q(t) is represented as y n — > y n + z n . 
Since we are only interested in the lowest order in A we can set z n = X n . 
Thus we have 

5X n = y n (3.0.14) 



Let us now construct the K mnp __: Let us start by defining Kq = k^. 
Then K{ = k%, because SKg = X X K^. 
Level 2: 
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Let 

K% = y 2 k% (3.0.15) 

Using (|3.0.14p . it clearly satisfies the requirement (|3.0.12p . that 5K% = 
\ 2 Kg. Using V2 = q2~ 

K = («, - f 

Then we let 

=k%-Kg (3.0.16) 

It is easy to check that (51^ = X\K^. 

We can now generalize this construction: 
K n , n > 2: 

Consider if^. Since we want SKft = \ u Kq, the obvious choice is 
K£ 1 ,n>2: 

We need SK^ = \\Kn + AnKj 1 . An obvious solution is to set 

= y n K{ = y n k» (3.0.18) 

Using ()3.0.30l3.0.14p we see that it is correct. 
K mn-> m ^ n;n,m > 2 : 

It is easy to check that 

K&n = VnVmK ( 3 - - 19 ) 

satisfies 5K% m = X n y m k^ + X m y n k^ = \ n K^ + \ m K% as required. 
*&m... rn > 2 : 

For repeated indices we try 

Kmm = ~^~^0' Kmmm = "^T^O' (3.0.20) 

It is easy to check that they have the required transformation. The gener- 
alization to more repeated indices is also obvious. 
^Ld m # n; m,n>2: 

Km = ynVmK? (3.0.21) 

Satisfies 

SK mni = Ky m Ki + \ m y n K? + Aiy n y m A# = A n ^ 1 + A m if^ + Ai^ n 
as required. 
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Again for repeated indices: 

Kmi = V -fK? (3.0.22) 

Kin n>2: 

We try 

Kn = VnKx (3-0-23) 

SK nii = + Aiy„Kf = \ n K^ + XiK^ as required. 

At this point the pattern is clear: when all the m,n, .. > 2 we just get 
*^n...> m # n; n > 2 : 

K m .. = VmVn-kft (3.0.24) 

K n ...i, " > 2 : 

When one of the indices is 1, we get 

Cl = J/myn-fcf (3-0.25) 

Kmn...ni n > 2 : Similarly if two of the indices are 1 we get 

Kn..U = Vmyn-K^ (3.0.26) 

K n, n > 2 : 

^1111..!= ^1111.-1 ( 3 - - 27 ) 



For other repeated indices the pattern is also obvious. Thus 

*Lan... = f*m.. (3 - a28) 



^1^11 * 

To complete the recursive process we need K^ X1 1 . For the second level 
we had = k^ — K%. Similarly one can check that 

Xfii = K - *£ - ^ 

5K? U = A 3 £# + \ 2 kf + Aifc£ - A 2 Kf - Ai^ - A 3 ft# = Ai(fc£ - K%) = X-yK^ 
as required. 

It is natural to try 

H»e[n]' 
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where [n]' indicates all the partitions of n except 1...1. 

n 

We now prove that this is indeed the correct choice: Namely we prove 
by recursion that 

*w= £ K k = k " ( 3 -°- 3 °) 

[n]iG[n] 

Proof: 

Let us assume that the above is true for n. Consider K^ n+1 y . We have 

6K ln+l}[ = £ XmK [n+l}'Jrn 
m6[n+l|; 

The sum, as always, is over distinct m's. This is true because such K's have 
all been explicitly constructed for all n. 

For e.g. let us explicitly write out the coefficient of A2 in the above 
equation - it is A2^[ n+ i]'/2- Thus we can write 

5K [n+l}> = XlK [n+l]yi + X2K [n+l}>/2 + A 3^[n+l];/3 + - 

Note that [n + l][/2 is a partition of n + 1 with one 2 removed. If we sum 
over all i this gives all the partitions of n + 1 with one 2 removed, i.e. all 
partitions of n — 1 i.e. [n — 1]. Similarly [n + l]^/3 summed over all i gives 
all partitions of n — 2, i.e. [n — 2]. However [n + 1]J/1 gives all partitions 
of n except for the one with all one's, i.e. it gives [n]' . Now sum over i and 
note that the LHS is £^ ^[n+l]' an d has all the if s at this level except for 
#1^1- 

n + l 

Thus 

VtfitfV^, = Aiiffv + Aa^ ^+X 3 Kf l 9l + ..A TO -K"f , , 

i 

Using ()3.0.30p we see that this becomes 

£ 6K [n+l]' x = XlK [n]' + X2k n-1 + A 3<-2 + -^mK+X-m + -• 

j 

= ( a i(^m " ^l^l) + x <-i + A 3 <_ 2 + ..A m *£ +1 _ m + .... 

n 

= (AiA£ - 5K L ..! + Aafc^j + A 3 A£_ 2 + ..A m A£ +1 _ m + .... 

n+l 

So 

j 

Thus 

K [n+1] = k n 

Since it is true for n = 2, 3 this completes the proof. 

Thus we have general formulae that we can apply to any level. 
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3.1 The general form of the Lagrangian and ERG 

Having obtained the K's using the formulae above one writes down the 
general Lagrangian. The Lagrangian consists of all possible vertex operators 
of a give level, N. Let us denote by Kr^. the various K's labelled by the 
partitions of N. Thus a given partition is denoted by the set of numbers 
ni,rt2, ■■■Uj such that Y%=i n * = N. The vertex operators with one power 
of are of the form 

iK n n n C ik ° Y 

Let us denote the collection of all such vertex operators by K^yY^e lk ° Y . 
The loop variable is then written as 

e ik .Y+iJ2 N K [N] .Y [N] 

We then expand the exponential and keep all terms of a given level. 

Jko. 

N N M 

The vertex operators with two powers of Y are of the form 



Y (l + iJ2 K [N] .Y [N] + K \N] - Y [N\i Yl K W\ -Y[M] + 



«TM iK^ n ^ 

where {ni, rt2, ...Tij}, {mi, 1712, TUk} are two partitions of say, N\,M\. If 
we want terms of a given level, say N, then N\ + M\ = N. This pattern 
continues with vertex operators with an increasing number of Y's until we 
get to 

W^j^frW k , N dY^dY^ dY*» knY 

m 1 1 1 d Xl dxx ■- 0xi 

Once the Lagrangian is written down we can calculate the quadratic 
term of the ERG. The quadratic term has the general form: 

dL[X,X',X",X"',...] a dL[X,X',X»,X'»,..] | d2 dL[X,X',X",X"',...] 



dX{z) dX'(z) z dX"{z) 

a3 dL[X,X',X",X"', ....] ^ nan dL[X,X',X",X"',....} . 

° z dX^{z) + - ( ij d * dX^)[z) + - {6 - L6i) 

Here the notation is that z stands for all possible x n . The three dots 
indicate that higher derivatives can also occur. Thus X'" can stand for any 
triple derivative such as > Qx\dx 2 ' " " This term is the " gauge invariant 
field strength" for the general case, of which some special cases (spin 2 and 
spin 3) were described in I. We illustrate these steps below. 



10 The procedure given here is more streamlined and the precise expressions for the K : s 
worked out here are different from that used in 1 
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3.1.1 Level 3: 

We have K% , K^, K^ n . Our general formulae give Ej: 
K 3 = V3 k o = - Mi + y )K 

Kfu = fcg - - K$ 

Thus we will use as level 3 vertex operator (Level 2 and Level 1 were 
given earlier): 

flyf B 2 Y^ r)3yM 

3 dx 3 + 21 dx 2 dx x +Kin dx\ 
The Lagrangian we start with is thus (Yn = ^—)- 

flyc B 2 Y^ ffiY^ 

1 3 9x 3 21 ax 2 9xi 111 dx? 2 12 1 

_ KM^^_L_y- _ i^pyMy-yPj^o^ ( 3 . L32 ) 
The quadratic piece is obtained from: 



■ dx'{ z ) z dx"{ z ) z ax>"(z) 

This is worked out in I, so we will not bother to do it here. We reproduce 
one of the gauge invariant field strengths obtained there: 



The gauge invariance under the gauge transformations given above is easily 
verified. 

3.1.2 Level 4 

At level 4 we have the following: K31, K 22 , K 2 ix, ^1111 ■ Using the gen- 
eral formulae we get 

-2 -4 

K% = V4ko = (q 4 ~ Mi ~ y + <7i<72 - -j)^ 

K 3i = yak? = - q2Qi + -j) k i 



11 As mentioned in the previous footnote these expressions are much simpler than the 
ones used in I 
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«35n = i^(i = (ft-f)(^-f*ff) 

Kf m = A£ - + + + K% n ) (3.1.33) 
The Level 4 vertex operator (with one Y) is thus: 

ftyH B 2 Y P B 2 Y> 1 rfiY^ B 4 Y^ 

14 0X4 + 31 5x 3 5xi + 22 Bx 2 + 2U Bx 2 8x 2 + 1111 d* 4 

(3.1.34) 

Terms with two Y"'s 

BY p B 2 Y p B^Y^ BY v 

i2 _ (usf |_ + «, JL_ + i*^)^ 

1 B 2 Y P BY" B 2 Y V 

Terms with three Y's: 

i BY P B 2 Y^ BY V BY P 

and last, a term with four y's: 

Thus the level 4 Lagrangian with which we work is L = (L\ + L 2 + L3 + 

L 4 )e ifc ° Y . 

The quadratic term of the ERG is obtained by evaluating (|3.1.3ip . The 
calculation is straightforward albeit tedious. Here as an illustration we sim- 
ply give the result for the coefficient of ^^e* fc ° y : 

V^ 1 = —k^k^+k^k^+K^k^+K^k^+K^kQ—K^ 



K p k v -+- k v — K p k 



It is easy to check that it is gauge invariant. The quadratic term in the 
ERG involves products of two such gauge invariant field strengths. 

In this section we have described a method for constructing gauge in- 
variant interacting equations of motion for massive higher spin fields. These 
are obtained from the ERG on the world sheet. As mentioned in the in- 
troduction the equations appear exactly as dimensionally reduced massless 
fields in one higher dimension and therefore should be consistent classically. 
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4 Consistent Truncation and Dimensional Reduc- 
tion 



In Section 2 for levels 2 and 3, we described the map from variables with qi 
to those without. We shall refer to them as Q-rules. We also showed that 
this map commutes with dimensional reduction. What we mean by this is 
as follows. Let Q be this map: 

Q ■ f[qi,kn,Qm,\>] -> 9[kn,Qm,^p\) m^l 

We also have a dimensional reduction map, in which an index fi is re- 
placed by 9, i.e. k% is replaced by q n . Let us call this 1Z. So 1Z[fi] : v — » 5^ u 9. 
Thus we can consider the following diagram using the Q-rules for level 2. It 
is clearly self consistent. 

Q : -> k%q (4.0.35) 

| | Tlf/i] (4.0.36) 

Q ■ qm ->■ 9290 (4.0.37) 

At the end of Sec 2 we showed that Q-rules commute with dimensional 
reduction for level 3 also. We will see in this section that this is not trivial 
for level 4 . Since the algebra involved is rather tedious we only outline the 
argument. 

4.1 Q-rules for level 4 

The basic procedure in obtaining the Q-rules is to start with the highest 
spin field at that level. The Q-rule is uniquely fixed by the symmetry of the 
indices. This also implies a corresponding Q-rule for the gauge parameter. 
Thus at level 4 we have qik^k^k^. This has to map to l/Sk^k^k^ . The 
factor 1/3 compensates for the three permutations. Quite generally we can 
choose the sum of the coefficients on the RHS to be 1. 

Now consider the gauge transformation of the LHS: qiXik^ 1 k\k^ + 
Aigo^i k^k^. Matching the coefficient of k^ on both sides gives immediately: 

Q : 9iAifcJ*A£ ->■ l/3(A 2 fc£*£ + \ik%k% + Aifcf fc£) 

This is a general pattern. Once we write down a Q-rule for the fields 
with n indices, this implies that some Q-rules for gauge parameters with 
n — 1 indices are fixed. Thus for instance we introduce a Q-rule for the two 
index field 0: 

Q : qik^k? -)• -qok^k? + Bq 2 k^k u 1 + Ck%h% 
12 Note that the antisymmetric combinational kl^k j 7 ' , is uniquely fixed to be qok^k^ 
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We immediately get constraints on A,B,C matching the gauge param- 
eters on both sides: A = 6 — 4C, B = 3C — 4. Also by comparing coeffi- 
cients of /cq we get Q-rules for gauge parameters (with one index, such as 
qiX 2 k1 , qiXik^) in terms of A, B, C. 

This continues till we have the full set of Q-rules for level 4. The results 
for the remaining fields are given below: 



QiKK = l^qok^k^Bq^k^ + Cqok^ + qoklfk?) 

qik% = ^4igo&4 + ^192^2 + Ciq 3 k^j 

q\k% = q (A 3 q k% + B 3 q 2 k% + C 3 q 3 kty 

<fik£ = q 2 (A m k% + B A q 2 k% + C A q 3 k() 

91^2^1 = qo (A 5 q k% + B 5 q 2 k!^ + C 5 q 3 kf) 



qm = ai<?4<?o + hq 2 

q\q2 = a 2 q A ql + b 2 q qj 

Ql = a 3 q A ql + b 3 qlql (4.1.38) 

The corresponding Q-rules for gauge transformations are: 
q x X 2 k\ = I[(1 + ^ A 3 ^ + (^-1)^^ + Cq \ 2 k v 2 +Bq 2 \ 1 k v l \ 
qi\ik v 2 = ^[(-l + ^qoX^ + i^ + ^qoX^ + CqoX^ + Bq^k^} 

ql^lK = ^qliXzK + X^l) + C 2 qlX 2 k v 2 + B^q^kl 

qiX 3 = AxqoX^ + BxX 2 q 2 + CiXiq 3 

QiM = qo(A 3 q Xi + B 3 X 2 q 2 + C 3 Aig 3 ) 

<7iAi = qoi^qoM + B 4 X 2 q 2 + C 4 Xiq 3 ) 

gi^Ai = go(^59oA4 + B 5 X 2 q 2 + C 5 Aig 3 ) (4.1.39) 

All the parameters turn out to be fixed in terms of two, (which we take 
to be C,B 2 ) when we require consistency with gauge transformations. 
The general two parameter solution is given below: 

{A = 6-4C, B = 3C-4} 

M 3(C-2) 6-5C 2-C 
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= 3C + 2B 2 - 6 = 2(10 - 2£ 2 - 9C) = 2(2 - £ 2 ) 

13 2-3C ' 3 3(2 -3C) ' 3 3(2 -3C*)' 

_ 2 + 6B 2 -3C 4£ 2 2£ 2 

1 4 " 2-3C ' 2-3C" 4 " 2-3C 1 

/4 2^ 2 2 - 4ff 2 - 3C 2(2-£ 2 -3C) 

15 2-3C" 5 3(2 -3C) ' 5 3(2 - 3C) 1 
3(2 - C) _ 2ff 2 + 3C-4 1 
{ai ~ 2{l + B 2 y bl ~ 2(1 + B 2 ) 1 
1-2B 2 3B 2 

{fl2 = TW 62 = TT^ } 

3C-5B 2 -2 , 3(1 + 2£ 2 - C) ,„ 
(°3 = — fTft— • 1 + B2 ^ (4.1.40) 

4.2 Consistency with Dimensional Reduction 

One can now ask whether this family of Q-rules is consistent with dimen- 
sional reduction in the sense given above. It is interesting that there is a 
unique solution to this requirement and the two parameters get fixed. It 
is interesting because a priori the number of constraints coming from di- 
mensional reduction is much more than two and the system of equations is 
over deter mined . 

We illustrate this with an example. Consider the term q\k^k\k^. Ac- 
cording to the Q-rules this is equal to 

Q, . Q\ k-^ k-^ k-^ y ~ (^2 ^1 ^1 ^2 ^1 ^1 ^2 ^1 ^1 ) 

Now dimensionally reduce both terms, choosing p to be 6. If this dimensional 
reduction commutes with the Q-rule it should be true that 

Q : qlKkl = Q : ^( qi k%k% + q^k? + q 2 k^) 
The two parameter family of Q-rules in fact gives: 

q\KK = qo^qok^k? + B 2 q 2 k»k\ + C 2 k%k%) 
with A 2 = ^§^,C 2 = Similarly 

qi k^ + qi k u 2 k^ = (^qok^k? + Bq^kl + Ck%ki) 

with A = 6 — 4C, B = — 4 + 3C. Requiring agreement fixes C = 1 + B 2 , 
thus fixing one parameter. Continuing this process one more step by setting 
v = 6 gives one more constraint and fixes C = 1,B 2 = 0. Interestingly, all 
other constraints for all other terms are satisfied with this choice. 
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We give the final solution below: 



{^4 


= 2, B = 


= -1, 


c = 


1} 


{Ar = 


= 3, B x = 


= -1, 


Cl = 


-1} 


{A 2 


= 1 B 2 
3 


= o, 


c 2 = 


3 


{^3 = 


3, £ 3 = 


2 

~3' 


c 3 = 


4. 
~3 




= 1, B 4 


= 0, 


C 4 = 


0} 


{A 5 


= 0, B 5 


1 

" 3' 




^> 




s 3 
{ai = ^> 


h = 








{a 2 = 1, 




0} 






{03 = 1, 


h = 


0} 





(4.2.41) 



The same kind of analysis has been done for level 5. It is far more tedious. 
As with level 4, the constraints from requiring consistent gauge transforma- 
tions give a highly overdetermined set of equations. The final result is that 
there is a four parameter family of Q-rules that are consistent. Requiring 
consistency with dimensional reduction gives another overdetermined set of 
equations that fixes all the parameters uniquely. We do not give the results 
here since the actual details are not illuminating. What is interesting and 
non trivial is that a unique and consistent solution exists. 

Note that although this matches with the field content of BRST string 
field theory, the mass spectrum is not fixed. However the analysis of (|22j) 
suggests that both the critical dimension and the mass spectrum are recov- 
ered once we require that the form of the constraints and gauge transfor- 
mation match that of free string theory. (Note that in the Loop Variable 
formalism the free gauge transformations continue to hold for the interacting 
case also). 

It seems plausible that this higher dimensional structure persists for all 
levels. This then seems to point to a formulation of string field theory as 
a massless theory in one higher dimension. We do not have anything to 
say about this in this paper. We now turn to the question of background 
independence. 
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5 Curved Space time 



A "background independent" formalism is so named because it is capable 
of handling any background with equal felicity - it should not be tied to 
some particular choice of background. In particular it should not require 
that we perturb about a solution of string theory. This means that the 
2D world sheet theory need not be conformal - this is usually required in 
BRST string field theory in order to be able to define a BRST charge. To 
demonstrate that this is in fact true for this formalism it is illuminating to 
consider an arbitrary curved space time. This is a special case of a general 
background where only the massless spin two field of closed string theory 
has been turned on. In an earlier paper [IS], a method was described for 
dealing with such a situation at the free level. It will become clear here that 
the method can easily be extended to the interacting case also. We can thus 
write down gauge invariant and generally covariant equations for massive 
interacting higher spin fields. 

We should caution that this does not imply that this is the complete 
story. There are usually gauge invariant generally covariant terms involving 
curvature tensors that can be added to these equations. They all vanish 
in the flat space limit. Thus the generalization to curved space time is not 
unique. This is true even at the free level. In [19J it was shown that in the 
free theory one can constrain these terms by requiring that the equations be 
derivable from an action. For an arbitrary curved space time this turns out 
to be complicated. But it was shown that for AdS space there is a simple 
closed form solution and an action can be written down (for the free theory). 
This calculation needs to be done for the interacting case also. In this paper 
however we do not answer the question about an action formulation. 

We give a brief review of the method described in [18| in order to make 
this section self contained. 

In order to write down generally covariant and gauge invariant equations 
we need a consistent map from loop variables to space time fields. This was 
very easy in flat space time but not in curved space time. The naive solution 
of replacing derivatives by covariant derivatives cannot work, because the 
loop variables A;q,/cq commute, whereas generally covariant derivatives do 
not. What was therefore done in [18] was to work in Riemann Normal 
Coordinates (RNC) and map to where y M is a RNC. Thus let 

e = (5.0.42) 

define tangents to geodesies at a point xq. y M is defined by y M = s£ M and 
is the coordinate assigned to a point that lies on the geodesic defined by £^ 
at a distance s from xq. s is a parameter along the geodesic and can be 
chosen equal to the length. Tensors at a point x(y) can be expanded in a 
Taylor series about x(0) = xq. If we choose x(yY = x 1 ^ + y^, this defines 



22 



a coordinate system and in this coordinate system the geodesies are just 
straight lines. Thus the Christoffel symbols Ty P are zero. 

Furthermore y^ 1 are tensors at the point xq. Thus if we do a Taylor 
expansion, the coefficients are tensors at xq. This is a coordinate dependent 
statement because the LHS is a general tensor field at any x, but the RHS 
is a sum of tensors at xq only. 

nruv , < ^ ktuv , o dW^-ix(0)) . 1 a d 2 W» u -{x(0), 
W^-(x{y)) = W^"(x(0))+yf> ^±M.\ m +-yPjf > \ XQ +... 

(5.0.43) 

The following relations hold in an RNC [23] : 

Thus using T(xo) = and (|5.U.44|) and also, 

R y p ,Axo) = d^ pa -d a T^ (5.0.45) 

we get 



1 

3 

The following are also easy to see then: 



^r^(xo) = ;r(2?V(zo) + R% p (xo)) (5.0.46) 



d^W a (x ) = D p W a (x ) + T^Wpixo) = D p W a (x ) 
d^W a (x ) = (a„( J D M W a (x )+r^W /3 (x )) = DvDpWa + iWZjWpixo) 

This leads to a Taylor expansion: 

W ai .... ap (x) = W ai ,... ap (xo) + W ai .... ap:fM (x )y' M + 
1 1 P 

y{W ai .... ap ^ v (x ) - -Y, R ^a k u( X o) W ai..a k _ 1 l3a k+1 .. ap (xo)}y fl y U + 

k=l 



.a k _ 1 /3a k+l ..a p ,p 

k=l 

1 P 

- 2 E Ka^A X o) W ai..a k ^ ak+1 ..aM)}yW + - (5.0.48) 
k=l 

Thus we can apply all this to loop variables: Let ko p be mapped to 
then the problem of non commutativity is solved. However a new problem 
arises: 

Consider 

L = k Qp ki p ki v 
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which is mapped to the covariant derivative of Sxitw' 

D p Snpu (5.0.49) 

The gauge transformation of k\pk\ v is \iko^ki u + Xik^kip,, these are 
mapped to Sn^ and D^Axi^ + D u Au u , respectively. So 

SSiinv = DpAiiv + D V A\\ V 

This should then imply that 

5D p S 1Xll u = D p (D^A llu + D v A Uv ) (5.0.50) 

But 5k 0p kif,k lu = Xik p(kop,ki u + ki^kou) which gives (using (|5.0.47p 

= £> pJ D At A u ,+-(ii:V + RP wv )A m +D p D v A lltl +-{R^ pv + R p vpli )A np 

(5.0.51) 

This is clearly inconsistent with (|5.0.50|) due to the curvature tensors. 

The solution proposed in [18] is to change the map of kopki^kiu to space 
time fields by adding an extra term whose variation gives the curvature 
tensor pieces of (|5.0.5ip . Since 

S(S 2 p - = An„ (5.0.52) 

we can add \{R? vpil + -R%^)(5 , 2( g - -^p) and say that 

2 Z? ^2 

ko p hpk lu -)• DpSnp U + -(J? + R l3 l _ ipu )(S2i3 2gJ)"^ 

Of course in flat space these extra terms vanish. Using this technique a gauge 
invariant and generally covariant equation can be obtained starting from 
loop variables: One simply modifies the initial map from loop variables to 
space time fields by adding the extra pieces such that the variation matches 
that obtained directly from the variation of the loop variable. These extra 
pieces can always be found because there are fields whose variation is a 
the gauge parameter (|5.0.47p . This is characteristic of massive gauge fields, 
which is why the non zero mass is crucial for this construction. 

Since in our case the interacting theory has the same gauge transfor- 
mation as the free theory, we can apply this to the interacting terms also. 
Thus, the procedure is simple: Write down the interaction term in the loop 
variable equation in flat space as a local in space time term by first perform- 
ing the OPE of the vertex operators at za, %b- Then covariantize each term 
(the "gauge invariant field strength" discussed in earlier sections) using this 
technique. 

This concludes our discussion of curved space time. We have seen that 
it is very easy (as easy as in the free case) to make the equations generally 
covariant in arbitrary space time backgrounds. This illustrates what we 
mean by background independence of the formalism. 
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6 Conclusions 



We have completed the description (begun in I) of the ERG applied to the 
open bosonic string to obtain gauge invariant equations of motion. This was 
done in two steps. In the all important first step a general higher spin field 
equation is obtained. The formalism makes it seem like a massless higher 
dimensional theory. The field content is almost that of BRST string field 
theory, except for an extra mode from the extra dimension coordinate. In 
the second step one performs a consistent truncation to get the field content 
of BRST string theory. This can be done in a systematic way level by level. 
Explicit computations have been performed up to level 5 (although only 
results up to level 4 are given here). The most interesting fact is that the 
truncation retains the higher dimensional structure of the theory. 

The other important observation is that the formalism is background 
independent. This was illustrated in Section 5 where we turned on an arbi- 
trary metric background and found that the formalism can be easily made 
generally covariant even with interactions. It is useful for this, that in this 
formalism the gauge transformations are not modified by the interactions. 

Finally the two big open questions are: Can we construct an action? Can 
we repeat everything for closed strings? We hope to turn to these questions 
soon. 
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